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2.5. Example: Berkovich discs and circles

Berkovich discs over a non-Archimedean field are the simplest nontrivial example of k-a�noid
spaces, and their structure can be understood in detail.

2.5.1. Berkovich discs and classical discs. Let k be a non-Archimedean field. Recall that
this means that k is equipped with a complete non-Archimedean valuation. Also fix a number r 2 R⇥

+.
The Berkovich disc of radius r is defined as the Berkovich spectrum of a suitable Banach algebra,

and the latter is to be thought of as the algebra of analytic functions on the disc, by which we mean
the completion of the ring k[T ] of polynomials with respect to a suitable norm for which kTk = r.
As discussed in §1.8, there are two natural norms that one could consider.

First, we could consider the weighted `
1-norm defined by k

P
i
aiT

ik :=
P

i
|ai|ri. The completion

of k[T ] with respect to this norm is the general disc algebra

khr�1
T i := {f =

X

i�0

aiT
i | kfk =

X

i

|ai|ri < +1}.

Second, we could consider the weighted `
1-norm given by k

P
i
aiT

ik := maxi |ai|ri. This norm
is non-Archimedean since k is non-Archimedean. The completion of k[T ] is now the non-Archimedean
disc algebra

k{r�1
T} := {f =

X

i�0

aiT
i | lim

i

|ai|ri = 0},

with norm kfk = maxi |ai|ri.
It follows from Corollary 1.8.10 that k{r�1

T} is the uniformization of khr�1
T i, so in fact the two

disc algebras have the same Berkovich spectrum. We therefore focus on the disc algebra k{r�1
T}.

Definition 2.5.1. The Berkovich disc of radius r over k is the Berkovich spectrum

E(r) := Ek(r) := M(k{r�1
T})

The structure of E(r) may depend on r: unless the value group |k⇥| is all of R⇥

+, there is no
way of scaling a disc down to, say, a disc of radius one. It will also depend on the the properties of
k. This will be discussed in detail below, but let us already now make two general remarks.

First, as the norm on k{r�1
T} is a valuation, it defines a canonical point in the Berkovich disc.

Definition 2.5.2. The Gauss point of the Berkovich disc E(r) is the point defined by the given
norm on k{r�1

T}. We denote it by p(E(r)).

Second, we can also consider discs inside the field k. We denote by

E(r) := Ek(r) := {a 2 k | |a|  r}
the disc of radius r, and call it the classical disc of radius r. There is an injection

E(r) ! E(r) (2.6) e80317

defined as follows. Given a 2 E(r), define a semivaluation |·|a on k{r�1
T} by |f |a := |f(a)|. Here f(a)

is a well-defined element in k, and |f(a)| is the norm of this element. We leave it as Exercise 2.5.6
to show that | · |a is a bounded semivaluation on k{r�1

T} and that the map E(k) ! E(r) is a
homeomorphism onto its image. We emphasize that the map is not surjective: its image consists
only of semivaluations with nontrivial kernel, and in particular does not contain the Gauss point
p(E(r)). Except for particular non-Archimedean fields k, the classical disc E(r) is also not compact:
in many cases its image in E(r) is in fact dense, see Exercise 2.5.27.

We will use the following two results, the proofs of which constitute Exercise 2.5.4.
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Lemma 2.5.3. For any r 2 R⇥

+ and a 2 E(r), the map T 7! T + a induces:

(a) an isometric automorphism of k{r�1
T};

(b) an isometric bijection of E(r);
(c) an order-preserving homeomorphism of E(r) that fixes the Gauss point.

Lemma 2.5.4. For any r 2 R⇥

+ and c 2 k
⇥, the map T 7! cT induces:

(a) an isometric isomorphism of k{r�1
T} onto k{s�1

T}, where s = r|c|;
(b) an isometric isomorphism of E(r) onto E(s);
(c) an order-preserving homeomorphism of E(r) onto E(s) mapping p(E(r)) to p(E(s)).

Here the partial order is the one that is canonically defined on the Berkovich spectrum M(A) of
any seminormed ring: x  y i↵ |f(x)|  |f(y)| for every f 2 A. As we shall see, this partial order is
quite useful on the Berkovich disc.

2.5.2. Subdiscs. Now consider two di↵erent radii ⇢, r 2 R⇥

+ with ⇢  r. We evidently have an
inclusion E(⇢) ⇢ E(r) of classical discs, and the same holds for the Berkovich discs as well. Indeed, we
have a contractive map k{r�1

T} ! k{⇢�1
T}, whose image is dense, since it contains all polynomials.

It then follows that the induced continuous map

E(⇢) ! E(r)

is a homeomorphism onto its image, see Proposition 2.1.6. Thus we can view E(⇢) as a subset of
E(r), and one can show that this is given by

E(⇢) = {x 2 E(r) | |T (x)|  ⇢}, (2.7) e80320

see Exercise 2.5.7.
When k is trivially or discretely valued, it may happen that E(⇢) = E(r) even when ⇢ < r. In

other words, the radius of a classical disc may not be well-defined. For Berkovich discs, this pathology
does not occur. Indeed, the Gauss point p(E(r)) of E(r) is a valuation on k{r�1

T} that satisfies
|T | = r, so (2.7) shows that it does not lie in E(⇢).

More generally, we say that a disc in E(r) is any subset of the form

E(a, ⇢) := {x 2 E(r) | |(T � a)(x)|  ⇢} ⇢ E(r), (2.8) e80324

where ⇢ 2 [0, r] and a 2 E(r). Note that E(a, 0) = {a} is a singleton, which we think of as a
degenerate disc. Also note that the automorphism of E(r) given by T 7! T � a (see Lemma 2.5.3)
sends E(a, ⇢) to E(0, ⇢) = E(⇢).

The following description is useful.

Lemma 2.5.5. Each disc E = E(a, ⇢) ⇢ E(r) contains a unique maximal element with respect to
the partial ordering on E(r). Moreover, E consists of all points in E(r) dominated by this element.

Definition 2.5.6. The maximal element of E is called the Gauss point of E and denoted p(E).

Proof. The automorphism of E(r) induced by T 7! T � a preserves the partial ordering and
takes E(a, ⇢) onto E(0, ⇢). We may therefore assume a = 0. Let x⇢ be the image of the Gauss point
of E(⇢) under the embedding E(⇢) ,! E(r). We claim that x⇢ has the required property for the disc
E = E(0, ⇢). If f =

P
i
aiT

i, we have |f(x⇢)| = maxi |ai|⇢i. If x 2 E(r) satisfies |T (x)|  ⇢, it is
therefore clear that |f(x)|  max |ai|⇢i = |f(x⇢)| for all f 2 k[T ], and hence x  x⇢ by density of
k[T ] in k{r�1

T}. On the other hand, if x 2 E(r) \ E(0, ⇢), then |T (x)| > |T (x⇢)|, so x 6 x⇢. ⇤
The proof above gives the following useful simple formula: if x = p(E(a, ⇢)), then

|(T � b)(x)| = max{|a� b|, ⇢}. (2.9) e80331

The center of a disc E = E(a, ⇢) is in general not uniquely defined, but the radius ⇢ = ⇢(E) is.
This follows from the following result, the proof of which is left as Exercise 2.5.11.
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Lemma 2.5.7. Consider a1, a2 2 E(r) and ⇢1, ⇢2 2 [0, r]. Then:

(a) E(a1, ⇢1) ⇢ E(a2, ⇢2) i↵ ⇢1  ⇢2 and |a1 � a2|  ⇢2;
(b) E(a1, ⇢1) = E(a2, ⇢2) i↵ |a1 � a2|  ⇢1 = ⇢2.

We next study what happens as we fix the center and vary the radius.

Lemma 2.5.8. For any a 2 E(r), the map [0, r] 3 ⇢ 7! p(E(a, ⇢)) 2 E(r) is a homeomorphism
onto its image.

Proof. By Lemma 2.5.3 we may assume a = 0. If we write x⇢ := p(E(0, ⇢)), then the formula
|f(x)| = maxi |ai|⇢i for f =

P
i
aiT

i 2 k[T ] immediately shows that ⇢ ! x⇢ is continuous and
injective. It is therefore a homeomorphism onto its image since [0, r] and E(r) are compact. ⇤

Lemma 2.5.8 gives a path in E(r) connecting any classical point to the Gauss point. Further,
the paths ⇢ 7! E(ai, ⇢) coincide for ⇢ � |a1 � a2|, see Lemma 2.5.7. Thus the union of all such paths
has a sort of tree structure.

A natural question is whether E(r) is the union of all these paths. The answer in general is no,
but as we shall se in the next section, the answer is “almost” when k is algebraically closed.

2.5.3. The algebraically closed case. Now assume k is algebraically closed. This implies
that a point x 2 E(r) is completely determined by the values |(T � a)(x)| for all a 2 E(r). Indeed,
this determines |(T�a)(x)| for all a 2 k, since if |a| > r, then |(T�a)(x)| = |a|, given that |T (x)|  r.
Since the associated semivaluation | · |x is multiplicative and restricts to the given valuation on k, we
see that |f(x)| is determined on all polynomials f 2 k[T ], and hence on all of k{r�1

T} by density.
Similarly, if x, y 2 E(r), then x  y i↵ |(T � a)(x)|  |(T � a)(y)| for all a 2 E(r).

Now consider a disc E = E(a, ⇢) ⇢ E(r) as in (2.8). To this disc is associated a radius ⇢(E) 2
[0, r] and a point p(E) 2 E(r), the Gauss point of E. Depending on the radius, we get three di↵erent
types of points.

Definition 2.5.9. A point p(E) 2 E(r) is of

(i) Type 1 if ⇢(E) = 0;
(ii) Type 2 if ⇢(E) 2 |k⇥|;
(iii) Type 3 if ⇢(E) 2 R⇥

+ \ |k⇥|.

Discs of radius zero correspond to elements of E(r), and the set of Type 1 points is exactly the
subset E(r) ⇢ E(r). It is not hard to see that the Type 1 points in E(r) are precisely the semivalu-
ations with nontrivial kernel, see Exercise 2.5.10. Recall that the semivaluation | · |a associated to a
point a 2 E(r) ⇢ E(r) is defined by |f |a := |f(a)|. In particular, |T � b|a := |a� b|.

Points of Type 2 and 3 correspond to non-degenerate discs in E(r). It is perhaps not obvious
why one would want to distinguish between them, but it turns out that the complete residue fields
H(x), as well as the local geometry o↵ E(r) at x, are quite di↵erent for points of Type 2 and 3.

The question now arises whether all points of E(r) are of Type 1–3. To study this question, we
first look at the following situation. Let us say that a collection E = {Ei}i of discs in E(r) is a chain
if, for any two discs Ei and Ej , one contains the other. It is equivalent to demand that any two discs
have nonempty intersection, see Exercise 2.5.9.

If E = {Ei}i is a chain, then the intersection
T

i
Ei is a nonempty compact subset of E(r), since

E(r) is compact. However, unless the field k is spherically complete, see §1.3.8, the corresponding
classical discs Ei := Ei \ E(r) may have empty intersection.

To a chain E as above, we can associate a point p(E) 2 E(r) whose semivaluation is given by

|f |p(E) = inf
i

|f |p(Ei)
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for any f 2 k{r�1
T}. It is not hard to verify (see Exercise 2.5.13) that this is a well-defined bounded

semivaluation on k{r�1
T}, and hence defines a point p(E) 2 E(r). In fact, p(E) is the maximal

element of the nonempty set
T

i
Ei. We also set ⇢(E) := infi ⇢(Ei).

There are now three cases. In the first case, ⇢(E) = 0. Since the classical discs Ei are nonempty
and k is complete, it is then not hard to see that

T
i
Ei =

T
Ei = {x} is a singleton, with x a Type

1 point, and that p(E) = x. See Exercise 2.5.14.
In the second case, ⇢(E) > 0, and the intersection

T
i
Ei is nonempty. One then shows that

E :=
T

i
Ei is a disc of radius ⇢(E), and that p(E) = p(E) is the Gauss point of this disc; again see

Exercise 2.5.14. Thus p(E) is a point of Type 2 or 3 in this case, depending on the radius ⇢(E).
Finally, in the third case, ⇢(E) > 0, and the intersection

T
i
Ei is empty. The point p(E) cannot

be a point of Type 1–3 in this case, since p(E) would have to dominate a point of Type 1 in the
partial ordering, and this is prevented by the assumption that

T
i
Ei = ;.

Definition 2.5.10. A point in E(r) is of Type 4 if it is of the form p(E), where E = {Ei}i is a
chain of discs in E(r) whose intersection contains no Type 1 point.

As already mentioned, Type 4 points exist i↵ k fails to be spherically complete, which is the case
for many interesting algebraically closed non-Archimedean fields.

At this point we have in fact classified all the points in E(r). Indeed:

Theorem 2.5.11. If k is an algebraically closed non-Archimedean field, and r 2 R⇥

+, then any
point in the Berkovich disc E(r) is of Type 1–4.

Proof. Let x 2 E(r). We associate a chain E = (Ea)a of discs in E(r), indexed by the classical
points a 2 E(r), by setting

Ea := E(a, |(T � a)(x)|).
Note that x 2 Ea for all a, so E is a chain. Set x0 := p(E) 2 E(r). It su�ces to show that x0 = x. To
do so, it su�ces to prove that |(T � b)(x0)| = |(T � b)(x)| for all b 2 E(r). For each a 2 E(r), write
xa := p(Ea). It then follows from (2.9) that

|(T � b)(x0)| = inf
a2E(r)

|(T � b)(xa)| = inf
a2E(r)

max{|a� b|, |(T � a)(x)|},

which equals |(T � b)(x)| by the strong triangle inequality. ⇤

Remark 2.5.12. Even when k is not algebraically closed, we can associate a point p(E) to any
chain E of discs in E(r), but the set of such points is not all of E(r).

Remark 2.5.13. A point x 2 E(r) may be defined by several chains of discs in E . The chain Ex
in the proof of Theorem 2.5.11 is the largest chain E with p(E) = x.

Figure 2.4. The Berkovich disc E(r) = Ek(r) of radius r over an algebraically
closed non-Archimedean field k. *** IMPROVE ***
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2.5.4. Tree structure. We have seen above that the Berkovich disc E(r) contains a lot of
homeomorphic copies of line segments. These are glued together without creating any loops, so E(r)
is a kind of complicated tree. One way to make this precise is to use the partial ordering.

Definition 2.5.14. A rooted tree is a partially ordered set (X,) satisfying:

(RT1) X has a unique maximal element xmax;
(RT2) for any x 2 X \ {xmax}, the set {z 2 X | z � x} is isomorphic (as a partially ordered set)

to the real interval [0, 1];
(RT3) any two points x, y 2 X admit a supremum x_y 2 X, that is, z � x and z � y i↵ z � x_y;
(RT4) any totally ordered subset of X has a gretest lower bound in X.

Theorem 2.5.15. For any algebraically closed non-Archimedean field k and any r 2 R⇥

+, the
Berkovich disc (E(r),) is a rooted tree.

The result is also true when k is not necessarily algebraicallyt closed, see Theorem 2.5.18 below.

Proof. *** Complete *** ⇤
While we will not prove this here, any rooted parametrized tree has a natural topology, and the

topology on E(r) induced by the tree structure is exactly the Berkovich topology.
There is a natural notion of segment in any rooted tree X. If x  y, then we set [x, y] := {z 2 X |

x  z  y], and in general we set [x, y] = [x, x_y][[y, x_y]. Such segments are ismorphic to (possibly
degenerate) closed real intervals as partially ordered sets, but they do not have a well-defined length.
The following notion enriches the structure to achieve precisely this.

Definition 2.5.16. A parametrized tree is a triple (X,, ⇢) consisting of a rooted tree (X,) and
a function ⇢ : X ! R+ such that whenever x, y 2 X and x  y, then ⇢ restricts to an order-preserving
bijection of [x, y] to [⇢(x), ⇢(y)].

Theorem 2.5.17. For any algebraically closed non-Archimedean field k and any r 2 R⇥

+, the
Berkovich disc (E(r),, ⇢) is a parametrized tree.

Proof. *** COMPLETE *** ⇤
2.5.5. Complete residue fields. *** Compute (when feasible) H(x) for x 2 Ek(r)***

2.5.6. The general case. Now consider a general non-Archimedean field k. We will describe
the structure of E(r). As above, we do not rule out the possibility that k be trivially valued; the
latter case is also discussed in §2.5.7.

In the analysis below we shall use three facts. Pick an algebraic closure k
a of k. The first fact is

that since k is complete, the valuation on k extends uniquely to a valuation on k
a. This is a classical

result that we will prove in §3.1, see Corollary 3.1.6. Needless to say, the proof of this result does
not rely on the ones here.

Let k0 be the completion of ka. The second fact is another classical results, to the e↵ect that k0

is algebraically closed.
Let G := Aut(ka/k) be the set of field automorphisms of ka that fix k. When k is a perfect field,

this is the absolute Galois group of k. A third important fact is that G acts on k
a by isometries.

This implies that the action extends to k
0, still by isometries.

The analysis in §2.5.3 now applies and allows us to describe the points in Ek0(r). We want
to transport this analysis to Ek(r). For this, note that the canonical isometry k 7! k

0 induces an
isometric map k{r�1

T} ! k
0{r�1

T}, which induces a continuous map Ek0(r) ! Ek(r). Further, any
element of G induces an isometry of k0{r�1

T}, and hence an action of G by homeomorphisms. As
the consequence of a more general result (see Theorem 3.1.9) we have a homeomorphism

Ek0(r)/G
⇠! Ek(r).
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Here the left-hand side is the set of orbits of Ek0(r) under G, and Ek0(r)/G is equipped with the
strongest topology making the canonical map Ek0(r) ! Ek0(r)/G continuous. Note that such topolo-
gies can often be quite nasty, but here we get a compact (Hausdor↵) topological space.

The action of G on Ek0(r) takes a disc discs to discs, preserving the radius: if � 2 G, then
�(p(E(a, ⇢)) = E(�(a), ⇢) for a 2 Ek0(r) and ⇢ 2 [0, r]. The action also preserves the partial
ordering. It follows easily from this that the action of G on Ek0(r) preserves the type of a point.

The G-orbit of any point of Type 2 or 3 is finite; this follows from the fact that the disc in Ek0(r)
defining such contain a point in Eka(r) ⇢ Ek0(r), and such points have finite orbits.

The situation for Type 1 points is more complicated. Any point in Eka(r) has finite orbit, but
this is not necessarily so for points in Ek0(r). Similarly, points of Type 4 may or may not have finite
orbit. The situation is explored in the exercises.

Figure 2.5. The Berkovich disc over the field C((t)) of formal complex Laurent
series. *** IMPROVE ***

*** Degree function ***

Theorem 2.5.18. For any non-Archimedean field k and any r 2 R⇥

+, the Berkovich disc E(r)
is a rooted tree in the sense of Definition 2.5.14.

The Berkovich disc is also a parametrized tree in the sense of Definition 2.5.16, and in fact there
are two natural parametrizations to consider. The first one is the pushforward of the parametrization
by the radius on Ek0(r). This has the nice property of being invariant under finite ground field
extension. The second parametrization takes into account the degree function on Ek(r), and has
better properties for potential theory. The two parametrizations are explored in the exercises.

2.5.7. The trivially valued case. Now we make some comments on the Berkovich disc E(r) =
Ek(r) when k is trivially valued.

First assume k is algebraically closed. Since k is trivially valued, it is spherically complete (see
Exercise 1.3.37), so there are no Type 4 points. The points of Type 1 are given by points in Er(k).
This means that 0 is the only Type 1 point when r < 1, whereas the Type 1 points are in bijection
with k for r � 1. Finally, the only possible Type 2 point is the Gauss point p(E, 0, 1) of the unit
disc, and this lies in E(r) i↵ r � 1. All other points are of Type 3. This means that E(r) is a line
segment when r < 1, and has a single branch point when r � 1. When r = 1, the set of branches is
in bijection with k, and if r > 1 there is an extra branch going towards the Gauss point p(E(r)).

The structure is essentially the same when k is not algebraically closed. Indeed, in this case,
Ek(r) can be identified with the set of orbits under G = Aut(ka/k) of Eka(r), where ka is an algebraic
closure of k equipped with the trivial valuation. When r < 1, Ek(r) is still a line segment, whereas
when r � 1 the set of branches that were previously in bijection with elements of k are now in
bijection with G-orbits of ka. See Figure 2.6.

In the special case when r = 1, we can also analyze the Berkovich unit disc using the technique
of §2.4. Indeed, in this case the disc algebra k{r�1

T} is equal to the polynomial ring k[T ] equipped
with the trivial valuation. Since k[T ] is a Dedekind ring, it follows that E(1) is a tree with a single
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0

Figure 2.6. The Berkovich E(r) = Ek(r) disc of radius r > 1 over a trivially valued
field k, see §2.5.7. The branch point is the Gauss point p(E(1)), and the point on
the top is the Gauss point p(E(r)). The points at the bottom are in bijection with
orbits of an algebraic closure k

a under the action of Aut(ka/k). The Berkovich unit
disc E(1) is the part below and including the branch point, whereas the Berkovich
E(s) for 0 < s < 1 only includes points on the central lower branch.

branch point corresponding to the trivial valuation, and with branches in 1-1 correspondence to the
set of maximal ideals of k[T ], see Figure 2.7. This description is of course compatible with the one
above, since the maximal ideals of k[T ] can be identified with orbits of ka under Aut(ka/k).

| · |m,0

| · |m,"

| · |n,0

| · |n,"

| · |0,0

| · |0,"

| · |0

Figure 2.7. The Berkovich unit disc over a trivially valued field k. There is one
branch for every maximal ideal of k[T ]. The central branch corresponds to the
maximal ideal (T ).

Exercises for Section 2.5
EX70286 (1) Let k be a valued field, and A a seminormed k-algebra. Prove that the restriction to k of any

semivaluation in M(A) is the given valuation on k.
EX70287 (2) Let k be a non-Archimedean field, and r 2 R⇥

+. Do the following exercise without referring to
the general results in §1.8.
(a) Prove that k

P
i
aiT

ik :=
P

i
|ai|ri defines a norm on k[T ], and that the completion of k[T ]

with respect to this norm is the disc algebra khr�1
T i.

(b) Prove that k
P

i
aiT

ik := maxi |ai|ri defines a non-Archimedean norm on k[T ], and that the
completion of k[T ] with respect to this norm is the non-Archimedean disc algebra k{r�1

T}.
(c) Prove that k{r�1

T} is the uniformization of khr�1
T i.

EX70278 (3) Let k be a non-Archimedean field, and r 2 R⇥

+. Given a 2 k, define a semivaluation on k[T ]
by |f |a := |f(a)|. Prove that | · |a extends to a semivaluation on the Banach ring k{r�1

T} i↵
a 2 Ek(r), that is, |k|  r.

EX70289 (4) Prove Lemma 2.5.3 and Lemma 2.5.4.
EX70290 (5) Let f 2 k{r�1

T} be a nonzero element. Prove that we can write f = e ·W , where W 2 k[T ] and
e 2 k{r�1

T} is a unit. Conclude that |f(x)| = |W (x)| for every x 2 E(r). Hint : see the results
in §1.9.
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EX70275 (6) Let k be a non-Archimedean field, and r 2 R⇥

+. Prove that the map E(r) ! E(r) in (2.6) is
well-defined and a homeomorphism onto its image.

EX70277 (7) Let k be a non-Archimedean field, and pick ⇢, r 2 R⇥

+ with ⇢ < r. Prove that the identity map on
k[T ] extends to a contractive morphism of k{r�1

T} into k{⇢�1
T} with dense image. Conclude

that the induced continuous map E(⇢) ! E(r) is a homeomorphism onto its image, and that
the image consists of all points x 2 E(⇢) with |T (x)|  ⇢.

EX70291 (8) Let k be a non-Archimedean field, and consider two subdiscs E,E
0 ⇢ E(r), where r 2 R⇥

+. Prove
that if E ⇢ E

0 i↵ p(E)  p(E0) in the partial ordering on E(r).
EX70329 (9) Let k be a non-Archimedean field, and r 2 R⇥

+. Prove that if two subdiscs of E(r) have nonempty
intersection, then one contains the other.

EX70280 (10) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+. Suppose x 2 E(r) = Ek(r)
is an element with nontrivial kernel, that is, the associated semivaluation | · |x is not a valuation.
Prove that x lies in the image of the embedding E(r) ,! E(r). Is this true when k is not
algebraically closed?

EX70281 (11) Prove Lemma 2.5.7.
EX70282 (12) Give an example of a non-Archimedean field k for which the Berkovich unit disc contains only

points of Type 1 and Type 2.
EX70283 (13) Let k be an algebraically closed non-Archimedean field, r 2 R⇥

+, and let E = {Ei}i be a chain
of discs in E(r). For each i, let xi := p(Ei) 2 Ei be the Gauss point of Ei. Prove that
|f | := infi |f(xi)| defines a bounded semivaluation on k{r�1

T}, and hence a point x 2 E(r).
Also prove that x is the maximal point of the nonempty compact set

T
i
Ei; more precisely, if

y 2 E(r), then y 2
T

i
Ei i↵ y  x.

EX70284 (14) Let k be an algebraically closed non-Archimedean field, r 2 R⇥

+, and E = {Ei}i a chain of discs
in E(r). Write Ei := Ei \ E(r) for the corresponding classical discs.
(a) First assume ⇢(E) = 0. Prove that the intersection

T
i
Ei = {x} for some Type 1 point x,

and that p(E) = x.
(b) Next assume ⇢(E) > 0 and that

T
i
Ei 6= ;. Prove that

T
i
Ei is a disc in E(r) of radius ⇢(E),

and that its Gauss point is p(E).
(c) Finally assume ⇢(E) > 0 and that

T
i
Ei = ;. Prove that

T
i
Ei = {p(E)} is a singleton.

EX70298 (15) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+. Let E = {Ei}i be a chain
of discs in E(r). Write Ei := Ei \ E(r) for every i.
(a) Prove that if

T
i
Ei 6= ;, then

T
i
Ei is a disc (possibly degenerate) in E(r) whose Gauss point

is p(E).
(b) Prove that if

T
i
Ei = ;, then

T
i
Ei = {p(E)} is a singleton.

EX70288 (16) Let k be an algebraically closed non-Archimedean field, and let 0  ⇢  r and a 2 E(r). Prove
that if E(a, ⇢) ⇢ E(r) is defined as in (2.8), then E(a, ⇢) := E(a, ⇢) \ E(r) is the disc in k of
radius ⇢ centered at a.

EX70292 (17) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+, and let E ⇢ E(r) be a disc,
with corresponding classical disc E := E \ E(r).
(a) Prove that if k is nontrivially valued, then |f |E = supE |f | for every f 2 k{r�1

T}.
(b) Prove that if ⇢(E) 2 |k⇥|, then |f |E = maxE |f | for every f 2 k{r�1

T}.
EX70294 (18) Let k be the completion of the field C((t1/1)) of formal Puiseux series with complex coe�cients.

This is an algebraically closed non-Archimedean subfield of the non-Archimedean field C[[tQ]] of
Hahn series with exponent group Q, see Example 1.3.4. Let k0 ⇢ C[[tQ]] be the set of Hahn series
of the form h(t) =

P
1

i=1 cit
�i 2 C[[tQ]] such that �1 < �2 < . . . is a (finite or infinite) strictly

increasing sequence in Q that is bounded from above.
(a) Given f 2 k[T ] and h 2 k

0, prove that f(h) is a well-defined Hahn-series.
(b) Prove that if h 2 k

0, then f 7! |f(h)| defines a Type 4 point in E(r) for r large enough.
(c) Prove that any Type 4 point is of the form in (b).
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EX70295 (19) Prove that if k = C((t)), and k
0 is the completion of an algebraic closure k

a of k, then every
Type 4 point in Ek0(r) has infinite orbit under the action of Aut(k1/k). Hint : use Exercise 2.5.18.

(20) * Give an example of a non-Archimedean field k with the property that if k0 is the completionEX70296

of an algebraic closure k
a of k, then Ek0(1) has a Type 4 point that is fixed under the action of

Aut(ka/k).
(21) * Let k be a non-Archimedean field, and k

0 the completion of an algebraic closure of ka of k.EX70302

Pick any r 2 R⇥

+. Is it true that if a 2 Ek0(r) \ Eka(r), then the associated Type 1 point in
Ek0(r) must have infinite orbit under Aut(ka/k).

EX70297 (22) Let k be any non-Archimedean field. Let r 2 R⇥

+, and E = {Ei}i a chain of discs in E(r). Prove
that | · |E := infi | · |Ei

is a well-defined semivaluation on k{r�1
T}, and hence defines a point

p(E) 2 E(r).
EX70298 (23) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+. Let E = {Ei}i be a chain
of discs in E(r). Write Ei := Ei \ E(r) for every i.
(a) Prove that if

T
i
Ei 6= ;, then

T
i
Ei is a disc (possibly degenerate) in E(r) whose Gauss point

is p(E).
(b) Prove that if

T
i
Ei = ;, then

T
i
Ei = {p(E)} is a singleton.

EX70299 (24) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+. Prove that any Type 4
point is minimal for the partial ordering on E(r).

EX70300 (25) Let k be a non-Archimedean field, and x 2 Ek(r) in the Berkovich disc of radius r. Prove that
there exists an algebraically closed non-Archimedean field extension k

0
/k and a Type 1 point

x
0 2 Ek0(r) ⇢ Ek0(r) such that the image of x0 under the canonical map Ek0(r) ! Ek(r) equals

x.
EX70303 (26) Let k be an algebraically closed, non-Archimedean field, and r 2 R⇥

+. Write E(r) = Ek(r).
(a) Prove that Type 2 points are dense in E(r) i↵ k is nontrivially valued.
(b) Prove that Type 3 points are dense in E(r) i↵ |k⇥| 6= R⇥

+.
Hint : use the correspondence between points and chains of discs.

EX70285 (27) Let k be an algebraically closed non-Archimedean field, and r 2 R⇥

+. Prove that Type 1 points
are dense in E(r) := Ek(r) i↵ k is nontrivially valued, along the following lines.
(a) Prove that if k is trivially valued, then any Type 3 point admits a neighborhood without

any Type 1 points in it.
For the rest of the exercise, assume k is nontrivially valued.
(b) Argue that it su�ces to show that if ai, bj 2 E(r) and 0 < ri, sj < r, 1  i  m, 1  j  n,

then the open subset

U := {x 2 E(r) | |(T � ai)(x)| > ri, |(T � bj)(x)| < sj , 1  i  m, 1  j  n}

contains a Type 1 point.
(c) Argue that we may take U of the more specialized form

U := {x 2 E(r) | |(T � ai)(x)| > ri, 1  i  m, |T (x)| < s},

where 0 < |ai|, ri < s, 1  i  m. Hint : use a translation (see Lemma 2.5.3).
(d) Prove that if ⇢ 2 |k⇥| and maxi ri < ⇢ < s, then there exists c 2 E(r) with |c| = ⇢ and

c 2 U . Hint : use scaling (see Lemma 2.5.4) to reduce to the case when ⇢ = 1. Then use
(without proof) the fact that the (classical) residue field of k is infinite.

EX70304 (28) Let k be an algebraically closed, non-Archimedean field, and r 2 R⇥

+. Prove that Type 4 points
are dense in E(r) := Ek(r) i↵ k is not spherically complete. Hint : first treat the case when k is
trivially valued; then, in the nontrivially valued case, use scaling and translation.

(29) * Let k be a non-Archimedean field, and k
0 the completion of an algebraic closure of k. SupposeEX70301

x 2 Ek(1) is a point with a unique preimage x0 2 Ek0(1), and that this point is a point of Type 2
or 3. Is it necessarily true that x dominates a point in Ek(1) ⇢ Ek(1)?
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(30) * Let k be a non-Archimedean field and r 2 R⇥

+. Is the set of points of Ek(r) of the form p(E),
EX70332

where E is a chain of discs in E , a closed subset of Ek(r)?


